In this work we study the (1+1) and (2+1)-dimensional higher-order Broer-Kaup (HBK) systems. The HBK systems were obtained from the inner parameter dependent symmetry constraints of the Kadomtsev-Petviashvili (KP) equation. The Bäcklund transformations are used for a reliable treatment of these systems. We obtain multiple soliton solutions for the underlying systems. Moreover, we use a variety of hyperbolic functions methods and trigonometric methods to determine a variety of travelling wave solutions and periodic solutions.
Introduction
In this work, we will examine two systems of higher-order Broer-Kaup (HBK) in (1+1) dimensions and (2+1) dimensions. The (1+1)-dimensional higher-order Broer-Kaup (HBK) system reads u t + 4(u xx + u 3 − 3uu x + 6uv) x = 0, v t + 4(v xx + 3u 2 v + 3uv x + 3v 2 ) x = 0.
(1.1)
The (2+1)-dimensional Broer-Kaup (HBK) system is given by u yt + 4(u xx + u 3 − 3uu x + 3uw) xy + 12(uv) xx = 0, v t + 4(v xx + 3vvu 2 + 3uv x + 3vw) x = 0, v x − w y = 0.
(1.
2)
The aforementioned systems (1.1) and (1.2) were obtained from the inner parameter dependent symmetry constraints of the Kadomtsev-Petviashvili (KP) equation [6, 7, 8, 9] . In [9] , the Lax pairs and the symmetry constraints were employed to derive these higher-order equations. In [6] , the N-fold Darboux transformation were obtained for the (1+1)-dimensional HBK system (1.1). Khalique [7] used the Lie group analysis and the simplest equation method to obtain solitary wave solutions and conservation laws for Eq. (1.1). Lin et. al. [8] used the Painlevé analysis to derive fractal dromion and multi-peakon structures for (1.2). Other approaches were also used to investigate these two equations.
The objectives of this work are twofold. First, we seek to investigate the two higher-order systems (1.1) -(1.2) aiming to determine multiple kink solutions [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15] for each system. The second goal is to use a variety of hyperbolic functions methods and trigonometric methods to determine a variety of travelling wave solutions and periodic solutions as well.
2 The (1+1)-dimensional higher-order HBK system
We begin our analysis by working on the (1+1)-dimensional higher-order HBK system 4) into the linear terms of (2.3) gives the dispersion relations by 5) and as a result we obtain the wave variables
We next use the Bäcklund transformation
The last transformation indicates that v(x,t) = u x (x,t).
Substituting (2.8) into (2.3) converts this system to one equation given by
The single soliton solution of (2.9) is assumed to be
where the auxiliary function f (x,t), for the single soliton solution, is given by
Substituting (2.10) and (2.11) into (2.9) gives the single kink and the single soliton solutions 12) respectively. For the two soliton solutions we set the auxiliary function
Using (2.13) in (2.10) and substituting the result in (2.9), we obtain the two kink and the two soliton solutions by
respectively. For the three soliton solutions, we set
Proceeding as before, we find the three kink and the three soliton solutions are given by
respectively. This shows that the system of equations (2.9) gives N-kink solutions for u(x,t), and N-soliton solutions for v(x,t), for finite N, where N ≥ 1. Based on (2.16), the general solutions can be set in the form
(2.17)
Other solutions: the hyperbolic functions methods
In this section we will apply other approaches in order to determine more travelling wave solutions. The schemes that will be used depend mainly on the hyperbolic functions.
The tanh method
The tanh method admits the use of the solution
as a solution of (2.9). To determine α, β and the wave speed ω, we substitute (3.18) into (2.9), collect the coefficients of tanh i , i = 0, 1, 2, and equate it to zero we obtain the two set of solutions
and
where α is left as a free parameter in the last set. This gives the solitary waves solutions of Eq. (2.9) by
Replacing tanh by coth in (3.18), and proceeding as before we obtain the singular solutions This gives the solitary waves solutions of Eq. (2.9) by
Recall that v(x,t) = u x (x,t).
The rational tanh method
The rational tanh method admits the use of the solution in the form
as a solution of the equation (2.9). To determine λ , µ and the wave speed ν, we substitute (3.25) into (2.9), collect the coefficients of tanh i , i = 0, 1, 2, equate these coefficients to zero and solve the resulting equations we obtain
where λ is left as a free parameter. This gives the travelling wave solution of equation (2.9) by
We can also show that
, (3.28) are another travelling wave solutions of equation (2.9) . Recall that v(x,t) = u x (x,t).
The rational sinh-cosh method
The rational sinh-cosh method admits the use of the solution in the form
as a solution of equation (2.9). To determine α, β and the wave speed ω, we substitute (3.29) into (2.9), collect the coefficients of sinh i , cosh i , i = 0, 1, equate these coefficients to zero and solve the resulting equations we obtain
where β is left as a free parameter. This gives the travelling wave solution by In this section we will apply other approaches in order to determine more travelling wave solutions. The schemes that will be used depend on the trigonometric functions.
The tan method
The tan method admits the use of the solution u(x,t) = α + β tanh(kx − ωt), (4.32) as a solution of (2.9). To determine α, β and the wave speed ω, we proceed as before to obtain the two set of solutions
Replacing tan by cot, and proceeding as before we obtain the singular solutions
The rational tan method
as a solution of the equation (2.9). Substituting (3.25) into (2.9), and proceeding as before we obtain two sets of solutions given by , kλ (kλ + 1) < 0,
where λ is left as a free parameter for the last set. This gives the travelling wave solutions of the equation (2.9) by We can also show that
, (4.45) are another travelling wave solutions of the equation (2.9). Recall that v(x,t) = u x (x,t).
The rational cos-sin method
The rational cos-sin method admits the use of the solution in the form
as a solution of the equation (2.9). Proceeding as before we obtain
where β is left as free parameter. Substituting these results in (4.46) gives u(x,t), noting that v(x,t) = u x (x,t).
The (2+1)-dimensional higher-order HBK system
We next continue our work on the (2+1)-dimensional higher-order HBK system We obtain the single kink and the single soliton solutions It is interesting to point out that other travelling wave solutions can be obtained by using similar approaches to the schemes that we used before. The tanh method, the rational tanh method and other trigonometric methods can be used in a similar manner to the approach we used earlier.
Discussion
We examined two systems of higher-order Broer-Kaup in (1+1) and (2+1) dimensions. We derived multiple kink solutions and multiple soliton solutions for both systems where the coefficients of the spatial variables x and y remain free parameters. The Bäcklund transformations are used to conduct this work. Moreover, we used a variety of hyperbolic functions methods and trigonometric methods to determine a variety of travelling wave solutions and periodic solutions.
